


this wavelength. In the absence of disorder, we would expect to see
a ‘frozen light’ mode spanning the entire length of the structure,
similar to the in-phase supermode of a waveguide array. In
contrast, we would expect disorder, unavoidable in the
fabrication process, to create localized states in this region, with
a localization length that increases as the input optical
wavelength is increased, that is, moving inside the band, away
from the edge.

The photonic slow-wave structures were fabricated on an
SOI wafer using electron-beam lithography and dry-etching
techniques (see Methods). The photonic-wire waveguides
were single-moded and had a modal cross-section of
0.25 mm � 0.5 mm, and the resonators had dimensions of
1.5 mm � 1.5 mm � 0.5 mm, with R ¼ 2.75 mm along the
waveguide axis. On excitation with a tunable continuous-wave
(c.w.) laser, field profiles as shown in Fig. 4d were recorded at
wavelengths of interest near the band edge. The measurements
shown in Fig. 4 were performed on devices with 100
resonators in the slow-wave section (as shown in Fig. 3a). An
estimate of the number of unit cells N* needed to observe
localization without encountering boundary effects is given
by24 N* ¼ 9(k/dk)2/3, which evaluates to 93 unit cells for 3%
disorder and 66 unit cells for 5% disorder. (Higher values of
disorder may not obey the ballistic propagation model in this
waveguide geometry.) In fact, structures with 5 or 50
resonators did not reveal evidence of localization, showing that
longer slow-wave structures are necessary to observe
localization in slow-light structures, even with the high index
contrast of the SOI material system.

The band structure shown in Fig. 4a was calculated using the
PWE method—the blue dots (without squares) are numerical
artefact. The field profiles corresponding to the blue dots are
found to contain spurious transverse resonances spanning the
whole width of the calculation cell, because the PWE algorithm
imposes periodic boundary conditions along all the cellular
boundaries. These mathematical solutions do not correspond to
physically realistic fields and are ignored.

At the band-edge wavelengths predicted by Fig. 4a, the
transmission spectrum decreases rapidly, as shown in Fig. 4b.
Some fluctuation in the measured power is seen in this regime,
indicated by the shaded blue region, which is thicker around the
band-edge transition (for example, at 1,576 nm compared with
1,576.5 nm or longer wavelengths). Although not fully studied at
this time, this observation agrees with the theoretical prediction

from Fig. 2 that small changes in v can lead to large changes in
the spatial pattern of localized fields, which affects the
transmission in finite-length structures. This spectral region, which
lies between the localized and extended modes, could possibly
support ‘necklace’ modes25, which are multiresonance states with
fast temporal behaviour. The presence of a small peak (�1.5 dB)
in the transmission at the band edge has also been recently
observed in a different slow-wave structure26 and is conjectured to
be related to enhanced coupling to the slow-light mode.

The normalized localization length is calculated from the field
profiles by numerically finding the root-mean-squared width of the
intensity distribution, and dividing by the unit cell length. Figure 4c
plots the localization length (ĵ) versus frequency (v̂), both in
normalized units, for the localized profiles shown in Fig. 4d. The
figure shows that ĵ/ v̂22—that is, it is a straight line with slope
22 on a log–log plot27, near the band-edge, v̂ [ (20.2, 0)—and
is flat for positive detuning from the frequency of maximum
localization, in agreement with the theoretically predicted
behaviour of localization23 calculated using a Green’s function
formalism with the coherent potential approximation. Based on
simulations, we predict in Fig. 2d that for a finite-length
structure consisting of a chain of 100 coupled resonators, the
localization length should be approximately 5.6 unit cells. By way
of comparison, from Fig. 4c, the smallest localization length
measured was 6 unit cells (17 mm).

In conclusion, we have shown the presence of localization in
nanophotonic SOI structures. Optical slow-wave structures, such
as coupled photonic-crystal cavities, coupled microrings, coupled
Fabry–Pérot cavities, and so on, are promising ‘engineered
dispersion’ slow-light waveguides, which can slow light
significantly in a small device footprint because they can be
lithographically patterned or self-assembled on length scales

Coupled resonator slow-wave waveguide 
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Figure 3 Slow-wave coupled-resonator waveguides. a, The fabricated
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sections to better match impedances between the input/output sections and the

slow-wave section. The top and side claddings are air, and the bottom cladding is

silicon dioxide. b, A magnified view of the transition section. c, A magnified view of

the slow-wave section, with the periodicity R being 2.75mm.
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Fig. 8.8). d, Measured spatial profiles of a representative extended field distribution

at 1,576.16 nm, and localized field distributions at 1,575.64 nm, 1,575.60 nm,
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comparable to the optical wavelength. However, this regime is
particularly susceptible to localization, as has been theoretically
predicted and as we have shown experimentally. Unlike in the
perfectly ordered theoretical model, practical structures (and
those models that do take into account the effects of disorder21)
do not exhibit a divergence in the density of states at the band
edge. Consequently, the zero-group-velocity light distribution
predicted for the ordered structure is not sustained, and
applications of slow-light devices that rely on this feature are not
robust to real-world fabrication tolerances28,29. Practical devices
display the intertwined effects of order and disorder, manifest
particularly in localization near the band edge. Future work will
involve a study of dynamic field confinement and the order–
disorder transition, possibly controllable in SOI structures by
electrically induced optical modulation. Also of interest are the
coupled-resonator structures with true bandgap characteristics,
such as coupled cavities in photonic crystals. Such structures will
enable research in a new generation of photonic devices that
combine engineered functionality with naturally occurring
phenomena such as localization.

METHODS

FABRICATION

The structures shown in Fig. 3 were prepared on an SOI wafer, with 0.5-mm
silicon layer and 1-mm buried oxide. Electron-beam resist poly(methyl
methacrylate) (PMMA) 495 K 4% in chlorobenzene was spin-coated at
3,000 r.p.m. to a thickness of 280 nm, and baked at 180 8C for 5 min. Patterns
were exposed using a Raith50 electron-beam lithography instrument, followed
by development in methyl isobutyl ketone:isopropyl alcohol (MIBK:IPA) (1:3)
for 1 min. Nickel was evaporated onto the pattern to a thickness of 35 nm using a
Temescal BJD 1800 electron-beam evaporator. Acetone was used to lift off the
PMMA, leaving the nickel mask for the following etching step.

First, an oxygen plasma descum step was performed (200 W radiofrequency,
r.f.) power, 30 mtorr pressure, 10 min), followed by a reactive ion etch using a
mixture of BCl3 (10 s.c.c.m.) and Ar (10 s.c.c.m.) at 100 W r.f. power and
30 mtorr pressure for a total of 10 min. The nickel was removed by immersing
the chip in Nickel Etchant (Transene, Type TFB) for 10 s. The chip was
lapped down to a thickness of 200 mm, cleaved and mounted on a sample
holder for measurement

MEASUREMENT

Coupling into and out of the waveguides was achieved using tapered and lensed
polarization-maintaining fibres (Oz-Optics), aligned to the chip using six-axis
micrometer stages (Newport Ultralign) equipped with differential micrometers.
A CþL band mode-hop-free tunable c.w. laser (Agilent 81640A) was used as the
input source with a typical input power of 100 mW. The spectrum (Fig. 4b) was
recorded by sweeping the laser wavelength and monitoring the output using an
InGaAs photodiode, while simultaneously recording the wavelength.

To record the spatial distribution of the field (Fig. 4d), a modified knife-
edge method was used, a simple and robust method that is insensitive to
misalignment, knife edge diffraction and geometric aperturing30. The device
plane of the chip (as shown in Fig. 3a) was confocally imaged using a
microscope (Olympus BX series, with Mitutoyo M-Plan-APO NIR objective)
focused onto a highly sensitive InGaAs photoreceiver (New Focus Femtowatt
2153). The magnification was chosen so that the field of view at the detector
images the slow-wave section, and not the input/output fibres or chip facets.
The laser source was set to the particular wavelength of interest and was
modulated at a frequency less than 750 Hz, and the photoreceiver output was
measured by a lock-in amplifier (Stanford Research Systems SR830). As the
knife edge was scanned across the field of view at a constant speed (using a
Newport ILS translation stage and ESP300 motion controller), the resultant
trace was recorded. The field profiles were obtained from the measured traces
by smoothing, using a moving average filter with a window of 250 nm, which is
not more than the calibrated precision of the linear stage, and differentiating
the resultant trace. To factor out the coupling and background absorption
features, all traces were normalized by dividing each by the same ‘control’ trace,

measured at a wavelength at which the field was extended. It is implicitly
assumed that the coupling and background loss coefficient do not vary over the
2-nm spectral window of interest, which is substantially narrower than the
narrowest bandwidth of any optical elements in the measurement set-up.
When measured in this way, traces for localized fields show broad dark regions
(local normalized field intensity �1) compared with extended fields at the
same input optical power levels.
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Supplementary Information

In the simplest model of a 1d chain of unit cells, indexed by n = 1, 2, . . . , N and with

inter-site distance R, an excitation is described by a set of time-dependent coefficients, {an},
which represent the oscillation amplitudes of the field at the lattice sites. The evolution of the

amplitudes are given by

i
dan

at
+ Ωan + Ωκ(an−1 + an+1) = 0, (1)

where Ω is the free-running oscillation frequency, and κ is the (dimensionless) nearest-neighbor

coupling coefficient (see Supplementary Table 1).

Microspheres:
4.2 µm polystyrene |κ| = 1.3 × 10−2 Phys. Rev. Lett. 94, art. 203905 (2005)
2 µm − 5 µm polystyrene |κ| = 2.8 − 3.5 × 10−3 Phys. Rev. Lett. 82, pp. 4623-4626 (1999)
1.4 µm polystyrene |κ| = 1.1 × 10−3 Phys. Rev. B 75, art. 245327 (2007)

2D Photonic crystal defects:
(one missing hole, H1, even symmetry)

1 row between defects |κ| = 4.7 × 10−2 Phys. Rev. Lett. 84, pp. 2140-2143 (2000)
2 rows between defects |κ| = 5.4 × 10−3 J. Opt. Soc. Am. B, 17, pp. 387-400 (2000)
3 rows between defects |κ| = 3.7 × 10−3 Phys. Rev. Lett. 92, art. 083901 (2004)

|κ| = 1.3 × 10−3 J. Opt. Soc. Am. B, 17, pp. 387-400 (2000)
Microrings:

40 µm radius glass (Hydex) |κ| = 0.9 − 1.3 × 10−2 Photon. Tech. Lett. 16, pp. 2263-2265 (2004)
60 µm radius polymer (PMMA) |κ| = 1.2 × 10−1 Opt. Lett. 31, pp. 456-458 (2006)
6.5 − 9 µm radius Si on SiO2 |κ| = 0.22 − 0.34 Nature Photon. 1, pp. 65-71 (2007)

Fabry-Perot & coupled waveguides:
silicon superlattice: |κ| = 1.23 × 10−2 Appl. Phys. Lett. 88, art. 241103 (2006)
coupled GaAs lasers: |κ| = 6.03 × 10−4 Appl. Phys. Lett. 46, 236-238 (1985)
coupled InGaAsP waveguides: |κ| = 5.2 × 10−1 J. Opt. Soc. Am. B, 24, pp. 2389-2393 (2007)

Supplementary Table 1: Typical values of microresonator coupling coefficients, which are used
to construct coupled-resonator optical slow-wave structures.

1 The dispersion relationship

Assuming periodic boundary conditions, we guess a solution of the form

an(t) =
1√
N
ei(ωt−nkmR), (2)

where km = m 2π/(NR). Substituting Eq. (2) into Eq. (1), we obtain that

ωm

Ω
= 1 + 2κ cos(kmR), m = 0, 1, . . . , N − 1 (3)
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are the N normalized eigenfrequencies of the chain. In the limit of large N , Eq. (3) defines

ω as a continuous function of k, which, in the first Brillouin zone, takes values from −π/R to

π/R. As k → 0,±π/R, the group velocity vg = dω/dk → 0, i.e., very slow light is expected at

the edges of the band.

2 Using “band-solver” simulation tools

Optical slow-wave structures, including photonic crystal waveguides and CROWs are fre-

quently studied using the plane-wave or eigenfunction expansion1 or finite-difference time-

domain method2 algorithms. One may consider adding random perturbations to the dielectric

coefficient distribution in a unit cell, and calculating the new bandstructure. However, in doing

so, one makes an error if periodic boundary conditions are used: such boundary conditions

always lead (incorrectly) to the band bending to zero slope (dω/dk → 0) at the Brillouin zone

edges of the dispersion relationship, and thus to a false a prediction of zero velocity.

3 The slowing factor

At band center (ω = Ω), the time taken to propagate from input to output is τmin = N/(Ωκ),

and the group velocity vg at band center = 2κΩR (with Ω expressed in Hertz rather than

radians per second). In the presence of disorder, represented most conveniently by the standard

deviation in the inter-unit-cell coupling coefficients δκ normalized to its mean κ, we have shown

that3

vg at band center

vg at band edge
= 0.667 log10

( κ

δκ

)

+ 0.313 (4)

and therefore, we can calculate

S ≡ c

vg at band-edge
≈ λ

R

1

(δκ2 · κ)1/3
, (Eq.(2)—main paper)

which is labeled as Eq. (2) in the main text.

4 Density of modes

In an optical slow-wave structure, Eq. (1) may be refined and re-cast into a matrix equation,

i
d

dt
u = M u, (5)
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as described elsewhere.4 Solutions of Eq. (5) have the time-evolution behavior u ∼ exp(iωt)

and, therefore, are found by solving the determinantal equation |M − ω I| = 0, where I is the

unit matrix.

The density of states ρ(ω) is obtained by numerically solving for the eigenvalues of M

using linear algebra routines optimized for block tridiagonal matrices. The list of eigenmodes

obtained from Monte-Carlo simulations is sorted and binned to create ρ(ω), which is normalized

to ρ̂(ω), such that the integral of ρ̂(ω) over all ω yields the number of modes of a single resonator.

(Dividing ρ̂(ω) by the length of the structure NR yields the density of states per unit frequency

per unit length, which has units of inverse velocity.)

A theoretical expression5 for ρ(ω) is written in terms of the normalized frequency detuning

y = ω/ωedge,

ρ(y) ≈ 1

2π

{

(

1 − y2

4

)

−1/2

+
1

4N

(

1 − y2

4

)

−3/2
}

, for |y| < 2 − δ, (6a)

ρ(y) ≈ 0.18N1/3

[

1 − 0.53

{

N2/3

(

y2

4
− 1

)}2
]

, for |y| ∈ (2 − δ, 2 + δ), (6b)

ρ(y) ≈ y

2π sinhϕ
{2N ϕ(coshϕ− 1) + ϕ− 1}

× exp[−ϕ− 2N(sinhϕ− ϕ)], for |y| > 2 + δ, (6c)

with the following definitions,

ϕ ≡ cosh−1

(

y2

2
− 1

)

, and δ ≡ N−2/3.

N is a parameter (usually N ≫ 1) that represents the root mean squared (r.m.s.) variation in

the coupling coefficients, whose value we choose such that lineshape described by Eqs. (6a)-(6c)

best fits the numerically calculated ρ(ω) distribution. From Eq. (6a)-(6c), we deduce

Sbe ≡
ρ(ωpeak, i.e. y = 2)

ρ(ωband-center, i.e. y = 0)
≈ 1.131

N4/3

N + 0.25
. (7)

Combining Eq. (7) with Eq. (4), we deduce

N ≈
(

0.408
δκ

κ

)

−2

. (8)
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[The disorder-less limit, δκ→ 0, corresponds to taking N → ∞ in Eqs. (6a)-(6c).]

The low density of states in the band tail, Eq. (6c), results in a favorable condition for

localization, according to the modified Ioffe-Regel criterion,6 π2c ρ(ω) (l∗)2 ≃ 1, where l∗ is the

mean free path.

An estimate for how many resonators should be in the chain in order to observe localization

can be obtained by the following argument: for a given value of N , the energy separation δE

between the two eigenmodes closest to the band-edge is

δE = 2κ

∣

∣

∣

∣

cos
πN

N + 1
− cos

π(N − 1)

N + 1

∣

∣

∣

∣

≈ 3κ π2/N2 (9)

for large N . Localization occurs when this energy separation is approximately equal to the

energy perturbation due to disorder, which is ≈ δκ/
√
N , after taking into account the effects

of exchange narrowing.7 The equality implies that N = (3π2κ/δκ)2/3 ≈ 9.6(κ/δκ)2/3.

5 Effect of disorder on band-edge fields

When there is no disorder, the spatial distribution of the field is

〈z | Ψk〉 ≡
N

∑

n=1

e−inkR Esingle(r − nRẑ) (10)

i.e., a Bloch sum over the single-resonator fields Esingle(r). Ψk satisfies the generalized eigenvalue

equation

∇×∇× | Ψk〉 = ǫwgEk | Ψk〉. (11)

where Ek ≡ (ωk/c)
2. We write the disorder as ǫwg(r) → ǫwg(r) + δǫwg(r), and the new field

distributions as | ψk〉, which satisfy

∇×∇× | ψk〉 − δǫwgEk | ψk〉 = ǫwgEk | ψk〉. (12)

Defining the operator H ≡ ∇× (∇×) − δǫwgEk, the solution can be written as

| ψk〉 =| Ψk〉 − (ǫwg −H)−1 δǫwgEk | Ψk〉, (13)

which may be verified by multiplying the left and right hand sides by (ǫwg −H). In terms of

Green’s function for the disordered structure, G(z, z′;Ek), the solution may be written as

ψk(r) = Ψk(r) −
ωk

2

c2

∑

r
′

G(r, r′;Ek) δǫwg(r
′) Ψk(r

′). (14)
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Supplementary Figure 1: Field amplitudes at the resonator sites for a slow-wave structure
consisting of 256 coupled unit cells, calculated using Eq. (14). Excitation amplitudes are shown
for (a) the mode nearest the band-edge, and (b) the third mode counting inwards from the
band-edge. The black line is the distribution of amplitudes in the ideal (ordered) case, and the
blue dots are calculated in the disordered case, with 1% r.m.s. variation in ǫwg(r) from one
resonator site to the next. A few different Monte-Carlo iterations are superimposed, showing
that the variation in the excitation amplitudes is much larger in the band-edge mode (a),
compared to a mode (b) further inside the band.

G(r, r′;Ek) is not known exactly, of course, but may be found quasi-analytically from vari-

ous well-known theories such as the average t-matrix approximation (ATA), or the coherent

potential approximation (CPA).8 However, these methods do not work well in the region of

our interest—the band edge, where the density of states is dominated by contributions from

resonance or localized eigenstates, as the numerical results suggest.

To obtain a general idea of the behavior of Eq. (14), one may approximate G(z, z′;Ek) by

G0(z, z
′;Ek) for z′ 6= z, where G0 is Green’s function for the unperturbed structure [8, Ch. 5.3],

and, for z′ = z, by −πρ(z, E), in terms of the local density of states, calculated numerically for

the perturbed structure. Thus writing the disordered fields directly in terms of the perturbed

density-of-states shows that those fields ψk(r) which are most perturbed are those for which

ρ(Ek) is the most significantly affected—i.e., the band-edge states. This expected behavior

is confirmed by numerical calculations shown in Supplementary Figure 1—disorder affects the

band-edge field distributions most strongly.
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